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A CATALOG OF CAYLEY-DICKSON-LIKE PRODUCTS
JOHN W. BALES
Abstract. A catalog of all 32 Cayley-Dickson-like doubling prod-
ucts on ordered pairs (a, b) · (c, d) for which (1, 0) is the left and
right identity and for which x · x∗ = x∗ · x = ‖x‖2 given the conju-
gate (a, b)∗ = (a∗,−b). Only eight of these are true Cayley-Dickson
doubling products, since 24 of them do not satisfy the quaternion
properties. Each of the eight Cayley-Dickson products has a dis-
tinctive representation in the Fano Plane.
1. Product of finite sequences of real numbers
In this catalog, Cayley-Dickson-like products are considered to be
products of finite sequences of real numbers. This may seem odd since
Cayley-Dickson products are normally considered to be products de-
fined on ordered pairs. In order to define a Cayley-Dickson-like product
of any two finite sequences of real numbers, every finite sequence x will
be identified with an infinite sequence of the form
x = x0, x1, x2, · · · , xn−1, 0, 0, 0, · · ·
and the ordered pair of any two sequences x and y (whether finite
or infinite) will be identified with the shuffling of the two sequences
(x, y) = x0, y0, x1, y1, x2, y2 · · ·
If a is a real number, then a will be identified with the sequence
a, 0, 0, 0, · · · .
The basis vectors i0, i1, i2, · · · for this space are defined recursively.
i0 = 1
i2k = (ik, 0) for k ≥ 0
i2k+1 = (0, ik) for k ≥ 0
Thus it follows that
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i0 = 1, 0, 0, 0, · · ·
i1 = 0, 1, 0, 0, · · ·
i2 = 0, 0, 1, 0, · · ·
...
Furthermore, an involution ∗ is defined on the basis vectors
i∗k =
{
ik if k = 0
−ik if k > 0
and is extended to the entire space by the linearity property.
It then follows that for all infinite sequences x and y
(1) (x, y)∗ = (x∗,−y)
The norm ‖x‖ of a finite sequence x is its Euclidean norm and the
inner product 〈x, y〉 of two finite sequences x and y is their Euclidean
inner product. Thus
‖(x, y)‖2 = ‖x‖2 + ‖y‖2 =
(
‖x‖2 + ‖y‖2, 0
)
2. Cayley-Dickson-like Product
A Cayley-Dickson-like product on finite sequences (a, b) and (c, d) is
a product satisfying the following four properties:
(1, 0)(b, c) = (b, c)(2)
(a, b)(1, 0) = (a, b)(3)
(a, b)(a∗,−b) =
(
‖a‖2 + ‖b‖2, 0
)
(4)
(c∗,−d)(c, d) =
(
‖c‖2 + ‖d‖2, 0
)
(5)
It is ‘Cayley-Dickson-like’ rather than ’Cayley-Dickson’ since we do
not require the quaternion property.
The quaternion property is a property of the basis vectors. The
statement that the quaternion property is satisfied means that if p, q
and r are positive integers and if ipiq = ir then iqip = −ir and iqir = ip.
The product of (a, b)(c, d) can be defined 32 different ways to achieve
the four ‘Cayley-Dickson-like’ properties, thus guaranteeing that for all
finite sequences x,
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1 · x = x · 1 = x(6)
xx∗ = x∗x = ‖x‖2(7)
Only eight of the 32 Cayley-Dickson-like products satisfy the quater-
nion properties. For all eight of these, i1 = i. For four of them i2 = j
and i3 = k. For the other four, i2 = k and i3 = j.
3. The 32 ways
For each of the 32 Cayley-Dickson-like products of finite sequences,
the recursive multiplication table for the basis vectors is given. The
table is divided into distinct 2×2 blocks. These blocks occur either on
the corner, left edge, top edge, diagonal or interior of the multiplication
table.
An examination of the tables reveals that for all 32 variations it is
true that i1i2 + i2i1 = 0. Using this as a basis step, it can be shown by
induction that for all 32 variations
(8) iqip = −ipiq for 0 6= p 6= q 6= 0
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3.1. P0 : (a, b)(c, d) = (ca− b
∗d, da∗ + bc). For all r, s.
P0 i2s i2s+1
i2r (isir, 0) (0, isi
∗
r)
i2r+1 (0, iris) (−i
∗
ris, 0)
(1) For r = s = 0 (The corner)
P0 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P0 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P0 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P0 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P0 i2s i2s+1
i2r (isir, 0) −(0, isir)
i2r+1 (0, iris) (iris, 0)
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3.2. P1 : (a, b)(c, d) = (ca− db
∗, da∗ + bc). For all r, s.
P1 i2s i2s+1
i2r (isir, 0) (0, isi
∗
r)
i2r+1 (0, iris) (−isi
∗
r, 0)
(1) For r = s = 0 (The corner)
P1 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P1 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P1 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P1 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P1 i2s i2s+1
i2r (isir, 0) −(0, isir)
i2r+1 (0, iris) (isir, 0)
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3.3. P2 : (a, b)(c, d) = (ca− b
∗d, a∗d+ cb). For all r, s.
P2 i2s i2s+1
i2r (isir, 0) (0, i
∗
ris)
i2r+1 (0, isir) (−i
∗
ris, 0)
(1) For r = s = 0 (The corner)
P2 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P2 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P2 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P2 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P2 i2s i2s+1
i2r (isir, 0) −(0, iris)
i2r+1 (0, isir) (iris, 0)
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3.4. P3 : (a, b)(c, d) = (ca− db
∗, a∗d+ cb). For all r, s.
P3 i2s i2s+1
i2r (isir, 0) (0, i
∗
ris)
i2r+1 (0, isir) (−isi
∗
r, 0)
(1) For r = s = 0 (The corner)
P3 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P3 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P3 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P3 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P3 i2s i2s+1
i2r (isir, 0) −(0, iris)
i2r+1 (0, isir) (isir, 0)
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3.5. P4 : (a, b)(c, d) = (ac− b
∗d, da∗ + bc). For all r, s.
P4 i2s i2s+1
i2r (iris, 0) (0, isi
∗
r)
i2r+1 (0, iris) (−i
∗
ris, 0)
(1) For r = s = 0 (The corner)
P4 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P4 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P4 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P4 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P4 i2s i2s+1
i2r (iris, 0) −(0, isir)
i2r+1 −(0, iris) (iris, 0)
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3.6. P5 : (a, b)(c, d) = (ac− db
∗, da∗ + bc). For all r, s.
P5 i2s i2s+1
i2r (iris, 0) (0, isi
∗
r)
i2r+1 (0, iris) (−isi
∗
r, 0)
(1) For r = s = 0 (The corner)
P5 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P5 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P5 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P5 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P5 i2s i2s+1
i2r (iris, 0) −(0, isir)
i2r+1 (0, iris) (isir, 0)
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3.7. P6 : (a, b)(c, d) = (ac− b
∗d, a∗d+ cb). For all r, s.
P6 i2s i2s+1
i2r (iris, 0) (0, i
∗
ris)
i2r+1 (0, isir) (−i
∗
ris, 0)
(1) For r = s = 0 (The corner)
P6 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P6 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P6 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P6 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P6 i2s i2s+1
i2r (iris, 0) −(0, iris)
i2r+1 (0, isir) (iris, 0)
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3.8. P7 : (a, b)(c, d) = (ac− db
∗, a∗d+ cb). For all r, s.
P7 i2s i2s+1
i2r (iris, 0) (0, i
∗
ris)
i2r+1 (0, isir) (−isi
∗
r, 0)
(1) For r = s = 0 (The corner)
P7 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P7 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P7 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P7 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P7 i2s i2s+1
i2r (iris, 0) −(0, iris)
i2r+1 (0, isir) (isir, 0)
12 JOHN W. BALES
3.9. P8 : (a, b)(c, d) = (ca− bd
∗, da∗ + bc). For all r, s.
P8 i2s i2s+1
i2r (isir, 0) (0, isi
∗
r)
i2r+1 (0, iris) (−iri
∗
s, 0)
(1) For r = s = 0 (The corner)
P8 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P8 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P8 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P8 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P8 i2s i2s+1
i2r (isir, 0) −(0, isir)
i2r+1 (0, iris) (iris, 0)
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3.10. P9 : (a, b)(c, d) = (ca− d
∗b, da∗ + bc). For all r, s.
P9 i2s i2s+1
i2r (isir, 0) (0, isi
∗
r)
i2r+1 (0, iris) (−i
∗
sir, 0)
(1) For r = s = 0 (The corner)
P9 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P9 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P9 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P9 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P9 i2s i2s+1
i2r (isis, 0) −(0, isir)
i2r+1 (0, iris) (isir, 0)
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3.11. P10 : (a, b)(c, d) = (ca− bd
∗, a∗d+ cb). For all r, s.
P10 i2s i2s+1
i2r (isir, 0) (0, i
∗
ris)
i2r+1 (0, isir) (−iri
∗
s, 0)
(1) For r = s = 0 (The corner)
P10 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P10 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P10 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P10 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P10 i2s i2s+1
i2r (isir, 0) −(0, iris)
i2r+1 (0, isir) (iris, 0)
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3.12. P11 : (a, b)(c, d) = (ca− d
∗b, a∗d+ cb). For all r, s.
P11 i2s i2s+1
i2r (isir, 0) (0, i
∗
ris)
i2r+1 (0, isir) (−i
∗
sir, 0)
(1) For r = s = 0 (The corner)
P11 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P11 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P11 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P11 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P11 i2s i2s+1
i2r (isir, 0) −(0, iris)
i2r+1 (0, isir) (isir, 0)
16 JOHN W. BALES
3.13. P12 : (a, b)(c, d) = (ac− bd
∗, da∗ + bc). For all r, s.
P12 i2s i2s+1
i2r (iris, 0) (0, isi
∗
r)
i2r+1 (0, iris) (−iri
∗
s, 0)
(1) For r = s = 0 (The corner)
P12 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P12 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P12 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P12 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P12 i2s i2s+1
i2r (iris, 0) −(0, isir)
i2r+1 (0, iris) (iris, 0)
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3.14. P13 : (a, b)(c, d) = (ac− d
∗b, da∗ + bc). For all r, s.
P13 i2s i2s+1
i2r (iris, 0) (0, isi
∗
r)
i2r+1 (0, iris) (−i
∗
sir, 0)
(1) For r = s = 0 (The corner)
P13 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P13 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P13 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P13 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P13 i2s i2s+1
i2r (iris, 0) −(0, isir)
i2r+1 (0, iris) (isir, 0)
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3.15. P14 : (a, b)(c, d) = (ac− bd
∗, a∗d+ cb). For all r, s.
P14 i2s i2s+1
i2r (iris, 0) (0, i
∗
ris)
i2r+1 (0, isir) (−iri
∗
s, 0)
(1) For r = s = 0 (The corner)
P14 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P14 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P14 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P14 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P14 i2s i2s+1
i2r (iris, 0) −(0, iris)
i2r+1 (0, isir) (iris, 0)
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3.16. P15 : (a, b)(c, d) = (ac− d
∗b, a∗d+ cb). For all r, s.
P15 i2s i2s+1
i2r (iris, 0) (0, i
∗
ris)
i2r+1 (0, isir) (−i
∗
sir, 0)
(1) For r = s = 0 (The corner)
P15 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P15 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P15 i2s i2s+1
i0 i2s i2s+1
i1 i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P15 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P15 i2s i2s+1
i2r (iris, 0) −(0, iris)
i2r+1 (0, isir) (isir, 0)
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3.17. P16 : (a, b)(c, d) = (ca− b
∗d, ad+ c∗b). For all r, s.
P16 i2s i2s+1
i2r (isir, 0) (0, iris)
i2r+1 (0, i
∗
sir) (−i
∗
ris, 0)
(1) For r = s = 0 (The corner)
P16 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P16 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P16 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P16 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P16 i2s i2s+1
i2r (isir, 0) (0, iris)
i2r+1 −(0, isir) (iris, 0)
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3.18. P17 : (a, b)(c, d) = (ca− db
∗, ad+ c∗b). For all r, s.
P17 i2s i2s+1
i2r (isir, 0) (0, iris)
i2r+1 (0, i
∗
sir) (−isi
∗
r , 0)
(1) For r = s = 0 (The corner)
P17 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P17 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P17 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P17 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P17 i2s i2s+1
i2r (isir, 0) (0, iris)
i2r+1 −(0, isir) (isir, 0)
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3.19. P18 : (a, b)(c, d) = (ca− b
∗d, da+ bc∗). For all r, s.
P18 i2s i2s+1
i2r (isir, 0) (0, isir)
i2r+1 (0, iri
∗
s)d (−i
∗
ris, 0)
(1) For r = s = 0 (The corner)
P18 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P18 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P18 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P18 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P18 i2s i2s+1
i2r (isir, 0) (0, isir)
i2r+1 −(0, iris) (iris, 0)
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3.20. P19 : (a, b)(c, d) = (ca− db
∗, da+ bc∗). For all r, s.
P19 i2s i2s+1
i2r (isir, 0) (0, isir)
i2r+1 (0, iri
∗
s) (−isi
∗
r , 0)
(1) For r = s = 0 (The corner)
P19 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P19 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P19 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P19 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P19 i2s i2s+1
i2r (isir, 0) (0, isir)
i2r+1 −(0, iris) (isir, 0)
24 JOHN W. BALES
3.21. P20 : (a, b)(c, d) = (ac− b
∗d, ad+ c∗b). For all r, s.
P20 i2s i2s+1
i2r (iris, 0) (0, iris)
i2r+1 (0, i
∗
sir) (−i
∗
ris, 0)
(1) For r = s = 0 (The corner)
P20 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P20 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P20 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P20 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P20 i2s i2s+1
i2r (iris, 0) (0, iris)
i2r+1 −(0, isir) (iris, 0)
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3.22. P21 : (a, b)(c, d) = (ac− db
∗, ad+ c∗b). For all r, s.
P21 i2s i2s+1
i2r (iris, 0) (0, iris)
i2r+1 (0, i
∗
sir) (−isi
∗
r , 0)
(1) For r = s = 0 (The corner)
P21 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P21 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P21 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P21 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P21 i2s i2s+1
i2r (iris, 0) (0, iris)
i2r+1 −(0, isir) (isir, 0)
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3.23. P22 : (a, b)(c, d) = (ac− b
∗d, da+ bc∗). For all r, s.
P22 i2s i2s+1
i2r (iris, 0) (0, isir)
i2r+1 (0, iri
∗
s) (−i
∗
ris, 0)
(1) For r = s = 0 (The corner)
P22 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P22 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P22 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P22 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P22 i2s i2s+1
i2r (iris, 0) (0, isir)
i2r+1 −(0, iris) (iris, 0)
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3.24. P23 : (a, b)(c, d) = (ac− db
∗, da+ bc∗). For all r, s.
P23 i2s i2s+1
i2r (iris, 0) (0, isir)
i2r+1 (0, iri
∗
s) (−isi
∗
r , 0)
(1) For r = s = 0 (The corner)
P23 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P23 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P23 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 −i2s
(4) For r = s > 0 (The diagonal)
P23 i2r i2r+1
i2r −1 i1
i2r+1 −i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P23 i2s i2s+1
i2r (iris, 0) (0, isir)
i2r+1 −(0, iris) (isir, 0)
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3.25. P24 : (a, b)(c, d) = (ca− bd
∗, ad+ c∗b). For all r, s.
P24 i2s i2s+1
i2r (isir, 0) (0, iris)
i2r+1 (0, i
∗
sir) (−iri
∗
s, 0)
(1) For r = s = 0 (The corner)
P24 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P24 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P24 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P24 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P24 i2s i2s+1
i2r (isir, 0) (0, iris)
i2r+1 −(0, isir) (iris, 0)
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3.26. P25 : (a, b)(c, d) = (ca− d
∗b, ad+ c∗b). For all r, s.
P25 i2s i2s+1
i2r (isir, 0) (0, iris)
i2r+1 (0, i
∗
sir) (−i
∗
sir, 0)
(1) For r = s = 0 (The corner)
P25 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P25 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P25 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P25 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P25 i2s i2s+1
i2r (isir, 0) (0, iris)
i2r+1 −(0, isir) (isir, 0)
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3.27. P26 : (a, b)(c, d) = (ca− bd
∗, da+ bc∗). For all r, s.
P26 i2s i2s+1
i2r (isir, 0) (0, isir)
i2r+1 (0, iri
∗
s) (−iri
∗
s, 0)
(1) For r = s = 0 (The corner)
P26 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P26 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P26 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P26 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P26 i2s i2s+1
i2r (isir, 0) (0, isir)
i2r+1 −(0, iris) (iris, 0)
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3.28. P27 : (a, b)(c, d) = (ca− d
∗b, da+ bc∗). For all r, s.
P27 i2s i2s+1
i2r (isir, 0) (0, isir)
i2r+1 (0, iri
∗
s) (−i
∗
sir, 0)
(1) For r = s = 0 (The corner)
P27 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P27 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P27 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P27 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P27 i2s i2s+1
i2r (isir, 0) (0, isir)
i2r+1 −(0, iris) (isir, 0)
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3.29. P28 : (a, b)(c, d) = (ac− bd
∗, ad+ c∗b). For all r, s.
P28 i2s i2s+1
i2r (iris, 0) (0, iris)
i2r+1 (0, i
∗
sir) (−iri
∗
s, 0)
(1) For r = s = 0 (The corner)
P28 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P28 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P28 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P28 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P28 i2s i2s+1
i2r (iris, 0) (0, iris)
i2r+1 −(0, isir) (iris, 0)
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3.30. P29 : (a, b)(c, d) = (ac− d
∗b, ad+ c∗b). For all r, s.
P29 i2s i2s+1
i2r (iris, 0) (0, iris)
i2r+1 (0, i
∗
sir) (−i
∗
sir, 0)
(1) For r = s = 0 (The corner)
P29 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P29 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P29 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P29 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P29 i2s i2s+1
i2r (iris, 0) (0, iris)
i2r+1 −(0, isir) (isir, 0)
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3.31. P30 : (a, b)(c, d) = (ac− bd
∗, da+ bc∗). For all r, s.
P30 i2s i2s+1
i2r (iris, 0) (0, isir)
i2r+1 (0, iri
∗
s) (−iri
∗
s, 0)
(1) For r = s = 0 (The corner)
P30 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P30 i0 i1
i2r i2r i2r+1
i2r+1 i2r+1 −i2r
(3) For s > r = 0 (The top edge)
P30 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P90 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P30 i2s i2s+1
i2r (iris, 0) (0, isir)
i2r+1 −(0, iris) (iris, 0)
A CATALOG OF CAYLEY-DICKSON-LIKE PRODUCTS 35
3.32. P31 : (a, b)(c, d) = (ac− d
∗b, da+ bc∗). For all r, s.
P31 i2s i2s+1
i2r (iris, 0) (0, isir)
i2r+1 (0, iri
∗
s) (−i
∗
sir, 0)
(1) For r = s = 0 (The corner)
P31 i0 i1
i0 1 i1
i1 i1 −1
(2) For r > s = 0 (The left edge)
P31 i0 i1
i2r i2r −i2r+1
i2r+1 i2r+1 i2r
(3) For s > r = 0 (The top edge)
P31 i2s i2s+1
i0 i2s i2s+1
i1 −i2s+1 i2s
(4) For r = s > 0 (The diagonal)
P31 i2r i2r+1
i2r −1 −i1
i2r+1 i1 −1
(5) For 0 6= r 6= s 6= 0 (The interior)
P31 i2s i2s+1
i2r (iris, 0) (0, isir)
i2r+1 −(0, iris) (isir, 0)
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4. Cayley-Dickson-like products as twisted group
products
The basis elements i0, i1, i2, · · · are indexed by W = {0, 1, 2, · · · }
which is a group under the bit-wise ‘exclusive or’ of their binary rep-
resentations and for each of the 32 Cayley-Dickson-like products there
is a function ω from W ×W to {−1, 1} such that for p, q ∈ W
(9) ipiq = ω(p, q)ipq
where pq is the group product of p and q. The function ω is called a
‘twist’ on the group W and turns the set of all finite sequences into a
twisted group algebra.
Since 1 = (1, 0) = i0 is the identity, it follows that ω(p, 0) = ω(0, q) =
1 for all Cayley-Dickson-like products, and since for p > 1, ipi
∗
p =
‖ip‖
2 = 1 and since ipi
∗
p = −ipip = −ω(p, p)i0 = 1 it follows that for
p > 1
(10) ω(p, p) = −1
and that for all p
(11) i∗p = ω(p, p)ip
From equation 8 on page 3 it follows that
(12) ω(q, p) + ω(p, q) = 0 for 0 6= p 6= q 6= 0
4.1. The product of i2ri2s. Since i2r = (ir, 0) then i2ri2s = (ir, 0) (is, 0)
this could be called the case of b = d = 0. For each of the 32 distinct
products, either i2ri2s = (isir, 0) or i2ri2s = (iris, 0). We shall consider
the effect each of these alternatives upon the twist ω.
4.1.1. i2ri2s = (isir, 0). Since i2ri2s = ω(2r, 2s)i2rs and since i2ri2s =
ω(s, r)i2rs we may conclude that Whenever i2ri2s = (isir, 0),
(13) ω(2r, 2s) = ω(s, r)
4.1.2. i2ri2s = (iris, 0). Since i2ri2s = ω(2r, 2s)i2rs and since i2ri2s =
ω(r, s)i2rs we may conclude that Whenever i2ri2s = (iris, 0),
(14) ω(2r, 2s) = ω(r, s)
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4.2. The products of i2ri2s+1 and i2r+1i2s. Since i2ri2s+1 = (ir, 0) (0, is)
this could be called the case of b = c = 0. And since i2r+1i2s =
(0, ir) (is, 0) that could be called the case of a = d = 0. An inspection
of the 32 alternate products shows that there are only four distinct
possibilities for the products of i2ri2s+1 and i2r+1i2s.
4.2.1. i2ri2s+1 = (0, isir) and i2r+1i2s = (0, iri
∗
s). These two conditions
imply that whenever i2ri2s+1 = (0, isir),
(15) ω(2r, 2s+ 1) = ω(s, r)
and that whenever i2r+1i2s = (iri
∗
s, 0),
(16) ω(2r + 1, 2s) = ω(s, s)ω(r, s) =
{
−ω(r, s) if s > 0
1 otherwise
4.2.2. i2ri2s+1 = (0, iris) and i2r+1i2s = (0, i
∗
sir). These two conditions
imply that whenever i2ri2s+1 = (0, iris),
(17) ω(2r, 2s+ 1) = ω(r, s)
and that whenever i2r+1i2s = (i
∗
sir, 0),
(18) ω(2r + 1, 2s) = ω(s, s)ω(s, r) =
{
−ω(s, r) if s > 0
1 otherwise
4.2.3. i2ri2s+1 = (0, isi
∗
r) and i2r+1i2s = (0, iris). These two conditions
imply that whenever i2ri2s+1 = (0, isi
∗
r)
(19) ω(2r, 2s+ 1) = ω(r, r)ω(s, r) =
{
−ω(s, r) if r > 0
1 otherwise
and that whenever i2r+1i2s = (iris, 0),
(20) ω(2r + 1, 2s) = ω(r, s)
4.2.4. i2ri2s+1 = (0, i
∗
ris) and i2r+1i2s = (0, isir). These two conditions
imply that whenever i2ri2s+1 = (0, i
∗
ris)
(21) ω(2r, 2s+ 1) = ω(s, s)ω(r, s) =
{
−ω(r, s) if s > 0
1 otherwise
and that whenever i2r+1i2s = (isir, 0),
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(22) ω(2r + 1, 2s) = ω(r, s)
4.3. The product of i2r+1i2s+1. Since i2r+1 = (0, ir) the product
i2r+1i2s+1 could be called the case of a = c = 0.
4.3.1. i2r+1i2s+1 = − (i
∗
sir, 0). This implies that whenever i2r+1i2s+1 =
− (i∗sir, 0)
(23) ω(2r + 1, 2s+ 1) = −ω(s, s)ω(s, r) =
{
ω(s, r) if s > 0
−1 otherwise
4.3.2. i2r+1i2s+1 = − (iri
∗
s, 0). This implies that whenever i2r+1i2s+1 =
− (iri
∗
s, 0))
(24) ω(2r + 1, 2s+ 1) = −ω(s, s)ω(r, s) =
{
ω(r, s) if s > 0
−1 otherwise
4.3.3. i2r+1i2s+1 = − (isi
∗
r , 0). This implies that whenever i2r+1i2s+1 =
− (isi
∗
r, 0)
(25) ω(2r + 1, 2s+ 1) = −ω(r, r)ω(s, r) =
{
ω(s, r) if r > 0
−1 otherwise
4.3.4. i2r+1i2s+1 = − (i
∗
ris, 0). This implies that whenever i2r+1i2s+1 =
− (i∗ris, 0)
(26) ω(2r + 1, 2s+ 1) = −ω(r, r)ω(r, s) =
{
ω(r, s) if r > 0
−1 otherwise
5. The 32 variations on ω
For each of the 32 Cayley-Dickson-like products of finite sequences,
the recursive definitions for ω are given.
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(0) P0 : (a, b)(c, d) = (ca− b
∗d, da∗ + bc)
ω0 2s 2s+ 1
2r ω(s, r)
{
−ω(s, r) if r > 0
1 otherwise
2r + 1 ω(r, s)
{
ω(r, s) if r > 0
−1 otherwise
(1) P1 : (a, b)(c, d) = (ca− db
∗, da∗ + bc)
ω1 2s 2s+ 1
2r ω(s, r)
{
−ω(s, r) if r > 0
1 otherwise
2r + 1 ω(r, s)
{
ω(s, r) if r > 0
−1 otherwise
(2) P2 : (a, b)(c, d) = (ca− b
∗d, a∗d+ cb)
ω2 2s 2s+ 1
2r ω(s, r)
{
−ω(r, s) if r > 0
1 otherwise
2r + 1 ω(s, r)
{
ω(r, s) if r > 0
−1 otherwise
(3) P3 : (a, b)(c, d) = (ca− db
∗, a∗d+ cb)
ω3 2s 2s+ 1
2r ω(s, r)
{
−ω(r, s) if r > 0
1 otherwise
2r + 1 ω(s, r)
{
ω(s, r) if r > 0
−1 otherwise
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(4) P4 : (a, b)(c, d) = (ac− b
∗d, da∗ + bc)
ω4 2s 2s+ 1
2r ω(r, s)
{
−ω(s, r) if r > 0
1 otherwise
2r + 1 ω(r, s)
{
ω(r, s) if r > 0
−1 otherwise
(5) P5 : (a, b)(c, d) = (ac− db
∗, da∗ + bc)
ω5 2s 2s+ 1
2r ω(r, s)
{
−ω(s, r) if r > 0
1 otherwise
2r + 1 ω(r, s)
{
ω(s, r) if r > 0
−1 otherwise
(6) P6 : (a, b)(c, d) = (ac− b
∗d, a∗d+ cb)
ω6 2s 2s+ 1
2r ω(r, s)
{
−ω(r, s) if r > 0
1 otherwise
2r + 1 ω(s, r)
{
ω(r, s) if r > 0
−1 otherwise
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(7) P7 : (a, b)(c, d) = (ac− db
∗, a∗d+ cb)
ω7 2s 2s+ 1
2r ω(r, s)
{
−ω(r, s) if r > 0
1 otherwise
2r + 1 ω(s, r)
{
ω(s, r) if r > 0
−1 otherwise
(8) P8 : (a, b)(c, d) = (ca− bd
∗, da∗ + bc)
ω8 2s 2s+ 1
2r ω(s, r)
{
−ω(s, r) if r > 0
1 otherwise
2r + 1 ω(r, s)
{
ω(r, s) if s > 0
−1 otherwise
(9) P9 : (a, b)(c, d) = (ca− d
∗b, da∗ + bc)
ω9 2s 2s+ 1
2r ω(s, r)
{
−ω(s, r) if r > 0
1 otherwise
2r + 1 ω(r, s)
{
ω(s, r) if s > 0
−1 otherwise
(10) P10 : (a, b)(c, d) = (ca− bd
∗, a∗d+ cb)
ω10 2s 2s+ 1
2r ω(s, r)
{
−ω(r, s) if r > 0
1 otherwise
2r + 1 ω(s, r)
{
ω(r, s) if s > 0
−1 otherwise
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(11) P11 : (a, b)(c, d) = (ca− d
∗b, a∗d+ cb)
ω11 2s 2s+ 1
2r ω(s, r)
{
−ω(r, s) if r > 0
1 otherwise
2r + 1 ω(s, r)
{
ω(s, r) if s > 0
−1 otherwise
(12) P12 : (a, b)(c, d) = (ac− bd
∗, da∗ + bc)
ω12 2s 2s+ 1
2r ω(r, s)
{
−ω(s, r) if r > 0
1 otherwise
2r + 1 ω(r, s)
{
ω(r, s) if s > 0
−1 otherwise
(13) P13 : (a, b)(c, d) = (ac− d
∗b, da∗ + bc)
ω13 2s 2s+ 1
2r ω(r, s)
{
−ω(s, r) if r > 0
1 otherwise
2r + 1 ω(r, s)
{
ω(s, r) if s > 0
−1 otherwise
(14) P14 : (a, b)(c, d) = (ac− bd
∗, a∗d+ cb)
ω14 2s 2s+ 1
2r ω(r, s)
{
−ω(r, s) if r > 0
1 otherwise
2r + 1 ω(s, r)
{
ω(r, s) if s > 0
−1 otherwise
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(15) P15 : (a, b)(c, d) = (ac− d
∗b, a∗d+ cb)
ω15 2s 2s+ 1
2r ω(r, s)
{
−ω(r, s) if r > 0
1 otherwise
2r + 1 ω(s, r)
{
ω(s, r) if s > 0
−1 otherwise
(16) P16 : (a, b)(c, d) = (ca− b
∗d, ad+ c∗b)
ω16 2s 2s+ 1
2r ω(s, r) ω(r, s)
2r + 1
{
−ω(s, r) if s > 0
1 otherwise
{
ω(r, s) if r > 0
−1 otherwise
(17) P17 : (a, b)(c, d) = (ca− db
∗, ad+ c∗b)
ω17 2s 2s+ 1
2r ω(s, r) ω(r, s)
2r + 1
{
−ω(s, r) if s > 0
1 otherwise
{
ω(s, r) if r > 0
−1 otherwise
(18) P18 : (a, b)(c, d) = (ca− b
∗d, da+ bc∗)
ω18 2s 2s+ 1
2r ω(s, r) ω(s, r)
2r + 1
{
−ω(r, s) if s > 0
1 otherwise
{
ω(r, s) if r > 0
−1 otherwise
(19) P19 : (a, b)(c, d) = (ca− db
∗, da+ bc∗)
ω19 2s 2s+ 1
2r ω(s, r) ω(s, r)
2r + 1
{
−ω(r, s) if s > 0
1 otherwise
{
ω(s, r) if r > 0
−1 otherwise
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(20) P20 : (a, b)(c, d) = (ac− b
∗d, ad+ c∗b)
ω20 2s 2s+ 1
2r ω(r, s) ω(r, s)
2r + 1
{
−ω(s, r) if s > 0
1 otherwise
{
ω(r, s) if r > 0
−1 otherwise
(21) P21 : (a, b)(c, d) = (ac− db
∗, ad+ c∗b)
ω21 2s 2s+ 1
2r ω(r, s) ω(r, s)
2r + 1
{
−ω(s, r) if s > 0
1 otherwise
{
ω(s, r) if r > 0
−1 otherwise
(22) P22 : (a, b)(c, d) = (ac− b
∗d, da+ bc∗)
ω22 2s 2s+ 1
2r ω(r, s) ω(s, r)
2r + 1
{
−ω(r, s) if s > 0
1 otherwise
{
ω(r, s) if r > 0
−1 otherwise
(23) P23 : (a, b)(c, d) = (ac− db
∗, da+ bc∗)
ω23 2s 2s+ 1
2r ω(r, s) ω(s, r)
2r + 1
{
−ω(r, s) if s > 0
1 otherwise
{
ω(s, r) if r > 0
−1 otherwise
(24) P24 : (a, b)(c, d) = (ca− bd
∗, ad+ c∗b)
ω24 2s 2s+ 1
2r ω(s, r) ω(r, s)
2r + 1
{
−ω(s, r) if s > 0
1 otherwise
{
ω(r, s) if s > 0
−1 otherwise
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(25) P25 : (a, b)(c, d) = (ca− d
∗b, ad+ c∗b)
ω25 2s 2s+ 1
2r ω(s, r) ω(r, s)
2r + 1
{
−ω(s, r) if s > 0
1 otherwise
{
ω(s, r) if s > 0
−1 otherwise
(26) P26 : (a, b)(c, d) = (ca− bd
∗, da+ bc∗)
ω26 2s 2s+ 1
2r ω(s, r) ω(s, r)
2r + 1
{
−ω(r, s) if s > 0
1 otherwise
{
ω(r, s) if s > 0
−1 otherwise
(27) P27 : (a, b)(c, d) = (ca− d
∗b, da+ bc∗)
ω27 2s 2s+ 1
2r ω(s, r) ω(s, r)
2r + 1
{
−ω(r, s) if s > 0
1 otherwise
{
ω(s, r) if s > 0
−1 otherwise
(28) P28 : (a, b)(c, d) = (ac− bd
∗, ad+ c∗b)
ω28 2s 2s+ 1
2r ω(r, s) ω(r, s)
2r + 1
{
−ω(s, r) if s > 0
1 otherwise
{
ω(r, s) if s > 0
−1 otherwise
(29) P29 : (a, b)(c, d) = (ac− d
∗b, ad+ c∗b)
ω29 2s 2s+ 1
2r ω(r, s) ω(r, s)
2r + 1
{
−ω(s, r) if s > 0
1 otherwise
{
ω(s, r) if s > 0
−1 otherwise
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(30) P30 : (a, b)(c, d) = (ac− bd
∗, da+ bc∗)
ω30 2s 2s+ 1
2r ω(r, s) ω(s, r)
2r + 1
{
−ω(r, s) if s > 0
1 otherwise
{
ω(r, s) if s > 0
−1 otherwise
(31) P31 : (a, b)(c, d) = (ac− d
∗b, da+ bc∗)
ω31 2s 2s+ 1
2r ω(r, s) ω(s, r)
2r + 1
{
−ω(r, s) if s > 0
1 otherwise
{
ω(s, r) if s > 0
−1 otherwise
6. The twist blocks
For each of the 32 twists ωk on the group {0, 1, 2, 3, · · · } there are five
fundamental 2×2 matrices Ekrs =
[
ωk(2r, 2s) ωk(2r, 2s+ 1)
ωk(2r + 1, 2s) ωk(2r + 1, 2s+ 1)
]
which make up the twist table.
• For r = s = 0, Ek00 = ωk(0, 0)C, where C is the block in the
upper left corner of the twist table.
• For r > s = 0, Ekr0 = ωk(r, 0)L, where L is the block occupying
every position in the left edge of the twist table below the corner
block.
• For s > r = 0, Ek0s = ωk(0, s)T , where T is the block occupying
every position in the top edge of the twist table to the right of
the corner block.
• For r = s 6= 0, Ekrr = ωk(r, r)D, where D is the block whose
negative occupies every position on the diagonal of the twist
table with the exception of the corner block.
• For 0 6= r 6= s 6= 0, Ekrs = ωk(r, s)N , where N is the interior
block of the twist table. Either N or its negative (depending
upon the value of ω(r, s)) occupies the twist table in block po-
sition (r, s) (counting the first block row as block row zero and
the first block column as block column 0) when 0 6= r 6= s 6= 0.
The values of the five fundamental blocks C,L,T,D and N inde-
pendent of the value of ω(r, s) are given for each of the 32 twists in
Table 1 and Table 2.
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Twist C L T D N
r = s = 0 r > s = 0 s > r = 0 r = s 6= 0 0 6= r 6= s 6= 0
ω0
[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
−1 1
1 1
]
ω1
[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
−1 1
1 −1
]
ω2
[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
−1 −1
−1 1
]
ω3
[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
−1 −1
−1 −1
]
ω4
[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 1
]
ω5
[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
]
ω6
[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
1 −1
−1 1
]
ω7
[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
1 −1
−1 −1
]
ω8
[
1 1
1 −1
] [
1 −1
1 −1
] [
1 1
1 1
] [
1 −1
1 1
] [
−1 1
1 1
]
ω9
[
1 1
1 −1
] [
1 −1
1 −1
] [
1 1
1 1
] [
1 −1
1 1
] [
−1 1
1 −1
]
ω10
[
1 1
1 −1
] [
1 −1
1 −1
] [
1 1
1 1
] [
1 −1
1 1
] [
−1 −1
−1 1
]
ω11
[
1 1
1 −1
] [
1 −1
1 −1
] [
1 1
1 1
] [
1 −1
1 1
] [
−1 −1
−1 −1
]
ω12
[
1 1
1 −1
] [
1 −1
1 −1
] [
1 1
1 1
] [
1 −1
1 1
] [
1 1
1 1
]
ω13
[
1 1
1 −1
] [
1 −1
1 −1
] [
1 1
1 1
] [
1 −1
1 1
] [
1 1
1 −1
]
ω14
[
1 1
1 −1
] [
1 −1
1 −1
] [
1 1
1 1
] [
1 −1
1 1
] [
1 −1
−1 1
]
ω15
[
1 1
1 −1
] [
1 −1
1 −1
] [
1 1
1 1
] [
1 −1
1 1
] [
1 −1
−1 −1
]
Table 1. Twist blocks for ω0 through ω15
48 JOHN W. BALES
Twist C L T D N
r = s = 0 r > s = 0 s > r = 0 r = s 6= 0 0 6= r 6= s 6= 0
ω16
[
1 1
1 −1
] [
1 1
1 1
] [
1 1
−1 −1
] [
1 1
−1 1
] [
−1 1
1 1
]
ω17
[
1 1
1 −1
] [
1 1
1 1
] [
1 1
−1 −1
] [
1 1
−1 1
] [
−1 1
1 −1
]
ω18
[
1 1
1 −1
] [
1 1
1 1
] [
1 1
−1 −1
] [
1 1
−1 1
] [
−1 −1
−1 1
]
ω19
[
1 1
1 −1
] [
1 1
1 1
] [
1 1
−1 −1
] [
1 1
−1 1
] [
−1 −1
−1 −1
]
ω20
[
1 1
1 −1
] [
1 1
1 1
] [
1 1
−1 −1
] [
1 1
−1 1
] [
1 1
1 1
]
ω21
[
1 1
1 −1
] [
1 1
1 1
] [
1 1
−1 −1
] [
1 1
−1 1
] [
1 1
1 −1
]
ω22
[
1 1
1 −1
] [
1 1
1 1
] [
1 1
−1 −1
] [
1 1
−1 1
] [
1 −1
−1 1
]
ω23
[
1 1
1 −1
] [
1 1
1 1
] [
1 1
−1 −1
] [
1 1
−1 1
] [
1 −1
−1 −1
]
ω24
[
1 1
1 −1
] [
1 1
1 −1
] [
1 1
−1 1
] [
1 1
−1 1
] [
−1 1
1 1
]
ω25
[
1 1
1 −1
] [
1 1
1 −1
] [
1 1
−1 1
] [
1 1
−1 1
] [
−1 1
1 −1
]
ω26
[
1 1
1 −1
] [
1 1
1 −1
] [
1 1
−1 1
] [
1 1
−1 1
] [
−1 −1
−1 1
]
ω27
[
1 1
1 −1
] [
1 1
1 −1
] [
1 1
−1 1
] [
1 1
−1 1
] [
−1 −1
−1 −1
]
ω28
[
1 1
1 −1
] [
1 1
1 −1
] [
1 1
−1 1
] [
1 1
−1 1
] [
1 1
1 1
]
ω29
[
1 1
1 −1
] [
1 1
1 −1
] [
1 1
−1 1
] [
1 1
−1 1
] [
1 1
1 −1
]
ω30
[
1 1
1 −1
] [
1 1
1 −1
] [
1 1
−1 1
] [
1 1
−1 1
] [
1 −1
−1 1
]
ω31
[
1 1
1 −1
] [
1 1
1 −1
] [
1 1
−1 1
] [
1 1
−1 1
] [
1 −1
−1 −1
]
Table 2. Twist blocks for ω16 through ω31
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7. The Twist Tree
Looking at tables 1 and 2 it is seen that the five basic twist blocks
are:
(27) C =
[
1 1
1 −1
]
(28) L =
[
1 α′
1 α
]
(29) T =
[
1 1
α α′
]
(30) D =
[
1 α′
α 1
]
(31) N =
[
β γ
γ γ′
]
The five twist constants α′, α, β, γ, γ′ are always equal to either 1 or
−1.
Square matrices having 2N rows and columns can be partitioned into
2× 2 partitioned block matrices as follows:
(32) M =
[
M0,0 M0,1
M1,0 M1,1
]
Each submatrix, provided it is not a 1 × 1 matrix, can be further
subdivided. For example
(33) M1,0 =
[
M10,00 M10,01
M11,00 M11,01
]
Then if the rows and columns of the matrices are numbered beginning
with 0 rather than 1 and when, ultimately Mp,q is a 1 × 1 matrix, it
will be the case that
(34) Mi,j = mij
Equation 32 can be written in ‘tree’ form as follows:
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M
M0,0 M0,1 M1,0 M1,1
The subscripts can be viewed as navigation instructions: A zero is
an instruction to move down a left branch and a one is an instruction
to move down a right branch of the tree. Each of the block matrices
C,L,T,D and N can be written in tree form.
The twist tree for ω7 was derived in [4]. Table 3 shows the general
twist tree for all 32 variations on the Cayley-Dickson doubling formula.
C
C T L −D
L
L α′N L αN
T
T T −α′N −αN
−D
−D −α′N α′N −D
N
βN γN γN γ′N
−N
−βN −γN −γN −γ′N
Table 3. Generalized ‘Cayley-Dickson-Like’ Twist Tree
The values of α, α′, β, γ and γ′ for the 32 different doublings are given
in table 4 on the next page.
8. The quaternion properties
The two quaternion properties, stated in terms of the twist ω are as
follows:
If 0 6= p 6= q 6= 0 then
(1) ω(p, q) + ω(q, p) = 0
(2) ω(p, q) = ω(q, pq) = ω(pq, p)
ω(q, p) + ω(p, q) = 0 was previously shown to be true for all 32
products (see equation 12 on page 36).
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α′ α β γ γ′
P0 : (a, b)(c, d) = (ca− b
∗d, da∗ + bc) − + − + +
P1 : (a, b)(c, d) = (ca− db
∗, da∗ + bc) − + − + −
P2 : (a, b)(c, d) = (ca− b
∗d, a∗d+ cb) − + − − +
P3 : (a, b)(c, d) = (ca− db
∗, a∗d+ cb) − + − − −
P4 : (a, b)(c, d) = (ac− b
∗d, da∗ + bc) − + + + +
P5 : (a, b)(c, d) = (ac− db
∗, da∗ + bc) − + + + −
P6 : (a, b)(c, d) = (ac− b
∗d, a∗d+ cb) − + + − +
P7 : (a, b)(c, d) = (ac− db
∗, a∗d+ cb) − + + − −
P8 : (a, b)(c, d) = (ca− bd
∗, da∗ + bc) − − − + +
P9 : (a, b)(c, d) = (ca− d
∗b, da∗ + bc) − − − + −
P10 : (a, b)(c, d) = (ca− bd
∗, a∗d+ cb) − − − − +
P11 : (a, b)(c, d) = (ca− d
∗b, a∗d+ cb) − − − − −
P12 : (a, b)(c, d) = (ac− bd
∗, da∗ + bc) − − + + +
P13 : (a, b)(c, d) = (ac− d
∗b, da∗ + bc) − − + + −
P14 : (a, b)(c, d) = (ac− bd
∗, a∗d+ cb) − − + − +
P15 : (a, b)(c, d) = (ac− d
∗b, a∗d+ cb) − − + − −
P16 : (a, b)(c, d) = (ca− b
∗d, ad+ c∗b) + + − + +
P17 : (a, b)(c, d) = (ca− db
∗, ad+ c∗b) + + − + −
P18 : (a, b)(c, d) = (ca− b
∗d, da+ bc∗) + + − − +
P19 : (a, b)(c, d) = (ca− db
∗, da+ bc∗) + + − − −
P20 : (a, b)(c, d) = (ac− b
∗d, ad+ c∗b) + + + + +
P21 : (a, b)(c, d) = (ac− db
∗, ad+ c∗b) + + + + −
P22 : (a, b)(c, d) = (ac− b
∗d, da+ bc∗) + + + − +
P23 : (a, b)(c, d) = (ac− db
∗, da+ bc∗) + + + − −
P24 : (a, b)(c, d) = (ca− bd
∗, ad+ c∗b) + − − + +
P25 : (a, b)(c, d) = (ca− d
∗b, ad+ c∗b) + − − + −
P26 : (a, b)(c, d) = (ca− bd
∗, da+ bc∗) + − − − +
P27 : (a, b)(c, d) = (ca− d
∗b, da+ bc∗) + − − − −
P28 : (a, b)(c, d) = (ac− bd
∗, ad+ c∗b) + − + + +
P29 : (a, b)(c, d) = (ac− d
∗b, ad+ c∗b) + − + + −
P30 : (a, b)(c, d) = (ac− bd
∗, da+ bc∗) + − + − +
P31 : (a, b)(c, d) = (ac− d
∗b, da+ bc∗) + − + − −
Table 4. Constants for the 32 doubling products
It will be shown that ω(p, q) = ω(q, pq) = ω(pq, p) for only eight of
the 32 Cayley-Dickson-like doubling products. These eight are the only
actual Cayley-Dickson products.
52 JOHN W. BALES
8.1. The basis step of the induction. Begin by showing that the
property holds when either p or q equals 1 or when p and q differ by 1.
This forms the basis step of an induction.
For p = 2r 6= 0 and q = 1 we have pq = 2r + 1, so we must compare
the values of ω(2r, 1), ω(1, 2r+ 1) and ω(2r + 1, 2r).
ω(2r, 1) = ω(2r, 2(0) + 1) so we find the value in the (2r, 2s + 1)
portions of the charts with r > 0, s = 0. We see that the value is −1
for ω0 through ω15 and 1 for ω16 through ω31.
ω(1, 2r + 1) = ω(2(0) + 1, 2s+ 1) We find these values in the (2r +
1, 2s+ 1) portion of the tables with r = 0 and s > 0. We see that the
value is −1 for ω0 through ω7 and ω16 through ω23 and 1 for ω8 through
ω15 and ω24 through ω31.
We conclude that the twists ω8 through ω23 fail to have the second
quaternion property.
ω(2r, 2r + 1) has a value of −1 for ω0 through ω15 and 1 for ω16
through ω31.
Thus ω(2r, 1) = ω(1, 2r + 1) = ω(2r + 1, 2r) for ω0 through ω7 and
for ω24 through ω31 alone.
Since ω(2r, 1) = −ω(1, 2r), ω(1, 2r + 1) = −ω(2r + 1, 1) and ω(2r +
1, 2r) = −ω(2r, 2r+1) we have the result that ω(2r+1, 1) = ω(1, 2r) =
ω(2r, 2r + 1).
So for ω0 through ω7 and for ω24 through ω31 alone it is the case that
ω(p, q) = ω(q, pq) = ω(pq, p) in the cases where
(1) p = 2r > 0, q = 1
(2) p = 2r + 1, q = 1
(3) p = 2r > 0, q = 2r + 1
(4) p = 2r + 1, q = 2r + 1
8.2. The inductive step. So now let us suppose that for 0 6= r 6= s 6=
0 it is true that ω(r, s) = ω(s, rs) = ω(rs, r) and try to establish the
four inductive steps
(1) p = 2r, q = 2s
We will attempt to show that ω(2r, 2s) = ω(2s, 2rs) = ω(2rs, 2r).
ω(2r, 2s) = −ω(r, s) for ω0 through ω3 and ω24 through ω27.
ω(2r, 2s) = ω(r, s) for ω4 through ω7 and ω28 through ω31.
ω(2s, 2rs) = −ω(s, rs) for ω0 through ω3 and ω24 through
ω27. ω(2s, 2rs) = ω(s, rs) for ω4 through ω7 and ω28 through
ω31.
A CATALOG OF CAYLEY-DICKSON-LIKE PRODUCTS 53
ω(2rs, 2r) = ω(rs, r) for ω0 through ω3 and ω24 through ω27.
ω(2rs, 2r) = ω(rs, r) for ω4 through ω7 and ω28 through ω31.
Thus ω(2r, 2s) = ω(2s, 2rs) = ω(2rs, 2r) for ω0 through ω7
and ω24 through ω31.
(2) p = 2r, q = 2s+ 1
We will attempt to show that ω(2r, 2s+1) = ω(2s+1, 2rs+1) =
ω(2rs+ 1, 2r).
ω(2r, 2s+ 1) = ω(r, s) for ω0, ω1, ω4, ω5, ω24, ω25, ω28, ω29.
ω(2r, 2s+ 1) = −ω(r, s) for ω2, ω3, ω6, ω7, ω26, ω27, ω30, ω31.
ω(2s+1, 2rs+1) = ω(s, rs) for ω0, ω2, ω4, ω6, ω24, ω26, ω28, ω30.
ω(2r, 2s+ 1) = −ω(s, rs) for ω1, ω3, ω5, ω7, ω25, ω27, ω29, ω31.
So this property fails for ω1, ω2, ω5, ω6, ω25, ω26, ω29, ω30.
ω(2rs+ 1, 2r) = ω(r, s) for ω0, ω4, ω24, ω28.
ω(2rs+ 1, 2r) = −ω(r, s) for ω3, ω7, ω27, ω31.
Thus ω(2r, 2s+ 1) = ω(2s + 1, 2rs + 1) = ω(2rs+ 1, 2r) for
ω0, ω3, ω4, ω7, ω24, ω27, ω28, ω31.
(3) p = 2r + 1, q = 2s
The result ω(2r + 1, 2s) = ω(2s + 1, 2rs + 1) = ω(2rs + 1, 2r)
follows immediately from ω(2r, 2s + 1) = ω(2s + 1, 2rs + 1) =
ω(2rs+ 1, 2r) and the fact that ω(p, q) = −ω(q, p) for 0 6= p 6=
q 6= 0.
(4) p = 2r + 1, q = 2r + 1
We will attempt to show that ω(2r+1, 2s+1) = ω(2s+1, 2rs) =
ω(2rs, 2r + 1) for ω0, ω3, ω4, ω7, ω24, ω27, ω28, ω31.
ω(2r + 1, 2s+ 1) = ω(r, s) for ω0, ω4, ω24, ω28.
ω(2r + 1, 2s+ 1) = −ω(r, s) for ω3, ω7, ω27, ω31.
ω(2s+ 1, 2rs) = ω(s, rs) for ω0, ω4, ω24, ω28.
ω(2s+ 1, 2rs) = ω(s, rs) for ω3, ω7, ω27, ω31.
ω(2rs, 2r + 1) = ω(rs, r) for ω0, ω4, ω24, ω28.
ω(2rs, 2r + 1) = −ω(rs, r) for ω3, ω7, ω27, ω31.
Thus the quaternion properties are satisfied only by the eight twists
ω0, ω3, ω4, ω7, ω24, ω27, ω28, ω31. Their twist constants are given in Ta-
ble 5 on the next page. We notice that what distinguishes these eight
from the remaining 24 is that α′ = −α and that γ′ = γ. Only in such
cases will the product satisfy the quaternion properties.
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Table 7 on the facing page shows all eight twist tables for the oc-
tonions. To obtain the traditional quaternion sub-table, one must let
α = 1.
α′ α β γ γ′
P0 : (a, b)(c, d) = (ca− b
∗d, da∗ + bc) − + − + +
P3 : (a, b)(c, d) = (ca− db
∗, a∗d+ cb) − + − − −
P4 : (a, b)(c, d) = (ac− b
∗d, da∗ + bc) − + + + +
P7 : (a, b)(c, d) = (ac− db
∗, a∗d+ cb) − + + − −
P24 : (a, b)(c, d) = (ca− bd
∗, ad+ c∗b) + − − + +
P27 : (a, b)(c, d) = (ca− d
∗b, da+ bc∗) + − − − −
P28 : (a, b)(c, d) = (ac− bd
∗, ad+ c∗b) + − + + +
P31 : (a, b)(c, d) = (ac− d
∗b, da+ bc∗) + − + − −
Table 5. Twist Constants for the Cayley-Dickson Products
C
C T L −D
L
L −αN L αN
T
T T αN −αN
−D
−D αN −αN −D
N
βN γN γN γN
−N
−βN −γN −γN −γN
Table 6. Generalized Cayley-Dickson (actual) Twist Tree
9. The product P0 and Octonion Index Cycling
In Cayley-Dickson spaces, if ipiq = ir then that fact is abbreviated
(p, q, r). This is called a structure constant.
If 0 6= p 6= q 6= 0 then for all 32 products one and only one of (p, q, pq)
or (q, p, pq) is true. For those eight which satisfy the quaternion prop-
erty, (p, q, pq) implies (q, pq, p) which implies (pq, p, q.)
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0 1 2 3 4 5 6 7
0 1 1 1 1 1 1 1 1
1 1 −1 α −α α −α α −α
2 1 −α −1 α αβ αγ −αβ −αγ
3 1 α −α −1 αγ αγ −αγ −αγ
4 1 −α −αβ −αγ −1 α αβ αγ
5 1 α −αγ −αγ −α −1 αγ αγ
6 1 −α αβ αγ −αβ −αγ −1 α
7 1 α αγ αγ −αγ −αγ −α −1
Table 7. Octonion Twist Table for the eight Cayley-
Dickson products
0 1 2 3 4 5 6 7
0 1 1 1 1 1 1 1 1
1 1 −1 1 −1 1 −1 1 −1
2 1 −1 −1 1 β γ −β −γ
3 1 1 −1 −1 γ γ −γ −γ
4 1 −1 −β −γ −1 1 β γ
5 1 1 −γ −γ −1 −1 γ γ
6 1 −1 β γ −β −γ −1 1
7 1 1 γ γ −γ −γ −1 −1
Table 8. Octonion Twist Table when α = 1
C L T D N
r = s = 0 r > s = 0 s > r = 0 r = s 6= 0 0 6= r 6= s 6= 0[
1 1
1 −1
] [
1 −1
1 1
] [
1 1
1 −1
] [
1 −1
1 1
] [
β γ
γ γ
]
Table 9. Twist Table Components for ω0, ω3, ω4, ω7
If p is an integer and 1 ≤ p ≤ 7 and pi0 is the permutation (1376524),
then define the pi0 successor p
′ of p as the integer following p in the
permutation. Then for the product P0 alone it is true that (p, q, r)
implies (p′, q′, r′).
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(1, 2, 3) → (3, 4, 7)
→ (7, 1, 6)
→ (6, 3, 5)
→ (5, 7, 2)
→ (2, 6, 4)
→ (4, 5, 1)
→ (1, 2, 3)
This, together with the second quaternion property is sufficient to re-
cover the P0 multiplication table for the octonions.
1 i1 i2 i3 i4 i5 i6 i7
i1 −1 i3 −i2 i5 −i4 i7 −i6
i2 −i3 −1 i1 −i6 i7 i4 −i5
i3 i2 −i1 −1 i7 i6 −i5 i4
i4 −i5 i6 −i7 −1 i1 −i2 i3
i5 i4 −i7 −i6 −i1 −1 i3 i2
i6 −i7 −i4 i5 i2 −i3 −1 i1
i7 i6 i5 i4 −i3 −i2 −i1 −1
Table 10. Basis Vector Multiplication Table for P0
10. Recursive definition of structure constants for the
Cayley-Dickson twists
For ω0, ω3, ω4 and ω7,
(35) (1, 2n, 2n+ 1) for all n > 0
whereas for ω24, ω27, ω28 and ω31,
(36) (2n, 1, 2n+ 1) for all n > 0
And for all eight of the Cayley-Dickson twists, the second quaternion
property holds.
For 0 6= p 6= q 6= 0
(37) (p, q, r) −→ (q, r, p) −→ (r, p, q)
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For ω0 and ω24 if 0 6= p 6= q 6= 0 then
(p, q, r) −→ (2q, 2p, 2r)
−→ (2p, 2q + 1, 2r + 1)
−→ (2p+ 1, 2q, 2r + 1)
−→ (2p+ 1, 2q + 1, 2r)(38)
For ω3 and ω27 if 0 6= p 6= q 6= 0 then
(p, q, r) −→ (2q, 2p, 2r)
−→ (2q, 2p+ 1, 2r + 1)
−→ (2q + 1, 2p, 2r + 1)
−→ (2q + 1, 2p+ 1, 2r)(39)
For ω4 and ω25 if 0 6= p 6= q 6= 0 then
(p, q, r) −→ (2p, 2q, 2r)
−→ (2p, 2q + 1, 2r + 1)
−→ (2 + 1, 2r, 2r + 1)
−→ (2p+ 1, 2q + 1, 2r)(40)
For ω7 and ω31 if 0 6= p 6= q 6= 0 then
(p, q, r) −→ (2p, 2q, 2r)
−→ (2q, 2p+ 1, 2r + 1)
−→ (2q + 1, 2p, 2r + 1)
−→ (2q + 1, 2p+ 1, 2r)(41)
11. Octonion Cycles
If 0 6= p 6= q 6= 0, and if ipiq = +ir we say that the sense of (p, q, r)
(and therefore of (q, r, p) and r, p, q)) is positive or that σ(p, q, r) = 1.
Otherwise we say that the the sense is negative and σ(p, q, r) = −1.
So it follows that for the twist constants α, β and γ
(42) α = σ(1, 2, 3)
(43) αβ = σ(2, 4, 6)
(44) αγ = σ(2, 5, 7)
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If we define pi as the permutation (1)(357)(246) and for 1 ≤ p ≤ 7
we let p′′ denote the pi successor of p, then
(45) σ(p, q, r) = σ(p′′, q′′, r′′)
Thus, for any of the eight Cayley-Dickson doubling variations, know-
ing the sense of (1, 2, 3), (2, 4, 6) and (2, 5, 7) is sufficient to recover the
sense of all 42 triples (p, q, r).
One way to recover any of the eight variations on the sets of 42 triples
is by using the Fano plane (Figure 1 on the next page).
Each of the three sides of the triangle represents a triple (p, q, r). So
does each altitude from a vertex to the midpoint of the opposite side
and so does the circle through the midpoints. For each of the eight
Cayley-Dickson products, the sense of the three sides is the same–
either clockwise (←) around the triangle, or counter-clockwise (→). If
clockwise, then the three sides of the triangle represent (5, 2, 7), (7, 4, 3)
and (3, 6, 5). If counter-clockwise then the three sides represent (7, 2, 5),
(5, 6, 3) and (3, 4, 7). The circle through the midpoints of the sides
represents either (2, 4, 6) in the clockwise sense () or (2, 6, 4) in the
counter-clockwise sense (	). The three altitudes may all be in an ‘up’
sense from center to vertex (↑) or may all be in a ‘down’ sense from
center to base (↓). So the altitudes must either be (2, 1, 3), (6, 1, 7),
and (4, 1, 5) or (3, 1, 2), (7, 1, 6), and (5, 1, 4). All altitudes must have
the same sense. See Table 11 on the facing page for a breakdown of all
the modes of the eight Cayley-Dickson doubling products. A thing to
notice about the Fano plane is that a 120◦ counter-clockwise rotation of
the diagram represents the permutation pi = (1)(357)(246) mentioned
above.
Since the sides may have two senses and the circle may have two
senses and the altitudes may have two senses, all 23 = 8 versions of the
Cayley-Dickson products may be accommodated in the one diagram.
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b
i7 b i5
b
i3
b
i6
b
i2
b
i4
b
i1
Figure 1. Fano Plane
P0 : (a, b)(c, d) = (ca− b
∗d, da∗ + bc) ↓ 	 →
P3 : (a, b)(c, d) = (ca− db
∗, a∗d+ cb) ↓ 	 ←
P4 : (a, b)(c, d) = (ac− b
∗d, da∗ + bc) ↓  →
P7 : (a, b)(c, d) = (ac− db
∗, a∗d+ cb) ↓  ←
P24 : (a, b)(c, d) = (ca− bd
∗, ad+ c∗b) ↑  ←
P27 : (a, b)(c, d) = (ca− d
∗b, da + bc∗) ↑  →
P28 : (a, b)(c, d) = (ac− bd
∗, ad+ c∗b) ↑ 	 ←
P31 : (a, b)(c, d) = (ac− d
∗b, da + bc∗) ↑ 	 →
Table 11. Fano Plane Modes
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